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We study a system of rods on Z2, with hard-core exclusion. Each rod has a length
between 2 and N. We show that, when N is sufficiently large, and for suitable fugacity,
there are several distinct Gibbs states, with orientational long-range order. This is in
sharp contrast with the case N = 2 (the monomer-dimer model), for which Heilmann
and Lieb proved absence of phase transition at any fugacity. This is the first example of
a pure hard-core system with phases displaying orientational order, but not translational
order; this is a fundamental characteristic feature of liquid crystals.

KEY WORDS: Hard rods; monomer-dimer model; nematic order; liquid crystal;
convergence rate for renewal sequences.

1. INTRODUCTION AND RESULTS

In 1949, Lars Onsager proposed a theory of the isotropic-nematic phase transition
in liquid crystals, which relied on the following simple heuristics [6]. Picture each
molecule as a (very) long, (very) thin rod. There is no energetic interaction between
the rods, except for hard-core exclusion. Since at low densities the molecules are
typically far from each other, the resulting state will be an isotropic gas. However, at
large densities it might be more favorable for the molecules to align spontaneously,
since the resulting loss of orientational entropy is by far compensated by the gain of
translational entropy: indeed, there are many more ways of placing nearly aligned
rods than randomly oriented ones.

This is probably the first example of an entropy-driven phase tran-
sition. It shows that an increase of entropy can sometimes result in an

! Faculty of Industrial Engineering, Technion Haifa 32000, Israel; e-mail: ieioffe@ie.technion.ac.il

2UMR-CNRS 6085, Université de Rouen F-76821 Mont Saint Aignan, France; e-mail: Yvan.
Velenik@univ-rouen.fr

3 Faculty of Mathematics and Physics, Charles University 18600 Praha 8, Czech Republic; e-mail:

mzahrad@karlin.mff.cuni.cz
761

0022-4715/06/0200-0761/0 © 2006 Springer Science+Business Media, Inc.



762 loffe et al.

apparently more ordered structure, hence the often used expression “order from
disorder.”

In spite of the obvious physical relevance of such issues, rigorous results are
still very scarce. The only proof of such a phase transition has been given (as a
side remark) in [1] for the following simple model: The rods are one-dimensional
unit-length line segments in R?, with two possible orientations (say, horizontal
and vertical); a configuration of N rods (N is not fixed) is specified by a family
(x,0) € R?N x {—1, 1}¥, where (x24_1, x2¢) is the position of the middle of the
kth rod, while o} represents its orientation. A configuration in a subset ¥ of R?
is admissible if all rods are inside V' and are disjoint; let C;; denote this event.
Then the measure describing the process is v, (- | Cy), where v, is the product of
the Poisson point process in R? of intensity A > 0 and the Bernoulli process of
parameter % The main result is then that, in the thermodynamic limit ¥ 7 R?,
there are (at least) two limiting Gibbs states with long-range orientational order,
for all A large enough. This model has a very special feature though, namely two
horizontal (respectively. vertical) rods have 0-probability of intersecting under v
This is a considerable simplification, and therefore this result does not provide any
information on the much more interesting case of rods of finite width.

The other rigorous results are concerned with lattice versions of this problem.
Heilmann and Lieb proved in a classical paper [3] that there is no phase transition
in the monomer-dimer model, in the sense that the corresponding free energy
is always analytic. This model is defined as follows (on Z2, their result holds
more generally). Let V' be a finite subset of Z2. For x, y € Z?, we write x ~ y
ifx —y|=1.Let &y = {{x,y} Cv : x ~ y}; fore, & € Ey we write e ~ ¢ if
eNe # (. The state space is given by Q = {0, 1}5V. A configuration w € Q is
admissible if e ~ ¢ = min(w,, w.) = 0. The probability of a configuration w is
then given by

Mk(w) X l{w is admissible} )\lwl s

where 0| =} ¢, @, and A > 0. Informally, when a pair of sites e is such that
w, = 1, then the two sites are occupied by a dimer; a configuration is admissible
if no site belongs to more than one dimer; A is the dimers’ fugacity.

An alternative approach to this model was then discovered by van den
Berg [4]. Using disagreement percolation methods, he was able to give a very
simple proof of the much stronger result that this model is in fact completely
analytic, in the sense of [5]. This paper is also interesting in that it clearly points
out the very special nature of dimers. Indeed, it would be impossible to push the
analysis to arbitrary values of fugacities, were it not for a magical property of
dimers: A monomer-dimer model on a graph G is actually equivalent to a pure
hard-core gas on the line-graph of G.

Several other similar models have been introduced (see, e.g., [7, 8, 9]),
in which existence of orientationally ordered states has been proved. All these
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models, however, share the same defect, namely the ordered states also automati-
cally display long-range translational order, i.e. they are perturbations of periodic
configurations. Thus they really can’t be considered satisfactory models of liquid
crystals, since a central characteristic of the latter is the liquid-like spatial behav-
ior in the ordered states. In order to solve this problem, Heilmann and Lieb [2]
proposed five different models of hard-core particles (actually dimers). For these
models they proved the existence of long-range orientational order at low temper-
atures, and gave quite plausible arguments in favour of the absence of long-range
translational order. These, however, were not pure hard-core models, since an ad-
ditional attractive interaction favouring alignment of the dimers was introduced,
and thus the question of whether pure hard-core interaction can give rise to such
phases was left open (actually, Heilmann and Lieb even stated that it was “doubtful
[...] whether hard rods on a cubic lattice without any additional interaction do
indeed undergo a phase transition”).

To the best of our knowledge, these are the only rigorous results pertaining
to this problem. It would be extremely desirable to prove the existence of a phase
transition in the monomer—k-mer model (replacing dimers above by k-mers, i.e.
families of & aligned nearest-neighbor sites), for large enough k. This seems
rather delicate however, and in this work we concentrate on another variant of the
monomer-dimer model, with only hard-core exclusion and for which it is actually
possible to prove existence of phases with orientational long-range order and no
translational long-range order; actually it also seems possible to treat the three-
dimensional case, which presumably would lead to a counterexample to the above
claim. We hope to return to the monomer—k-mer problem and to the case of higher
dimensions in the future.

Our model is defined as follows. We call rod a family of &, k € N, distinct,
aligned, nearest-neighbor sites of Z? a k-rod is a rod of length k, and we refer
to 1-rod as vacancies. Let ' C Z?; a configuration @ of our model inside V is a
partition of V" into a family of disjoint rods. We write N;(w) the number of k-rods
in w. The probability of the configuration w is given by

N
tg N7 (@) < 1ny()=0. vis 3} (20) V1@ g2t Ni(@) | (1.1)

where ¢ > 0 and N € N. Informally, only rods of length at most N are allowed,;
the activity of each rod of length at least 2 is ¢, and is independent of the rod’s
length; there is an additional activity 2¢ for vacancies.

Remark 1.1. The activity of vacancies can be removed at the cost of introducing
an additional factor (2¢)~* for each k-rods (k > 2).

Our main task is the proof of the following theorem, which states that for large
enough N, there is a phase transition from a unique (necessarily isotropic) Gibbs
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state at large values of g to several Gibbs states with long-range orientational order
at small values of ¢, but no translational order. This is thus the first model, where
such a behavior can be proved.

Theorem 1.2.

1. Forany N > 2, there exists gy = qo(N) > 0 such that, for all ¢ > q there
is a unique, isotropic Gibbs state.

2. For any q > 0 sufficiently small there exist Ny = Ny(q), such that for all
N > Ny there are two different extremal Gibbs states with long-range
orientational order. More precisely, there exists a Gibbs state MS,N such
that

MS,N(O belongs to a horizontal rod) > 1/2. (1.2)

In the sequel we shall refer to the infinite volume Gibbs state /LZ’ y as to
the horizontal state. By symmetry the /2 rotation of the latter gives the vertical
Gibbs state Py N which would statistically favour vertically oriented rods.

A funny consequence of the techniques we develop in order to prove
Theorem 1.2 is the following result on a sampling of infinite volume horizon-
tal and vertical states by the shapes of the family of finite volume domains:

Theorem 1.3. Let k = (ky, ky) be two natural numbers. Forn = 1,2, ..., con-
sider lattice boxes

VE=[—kin,...,kin] x [~kan, ..., kynl,

and let Ky N vk be the finite volume Gibbs state specified in (1.1). Then if g and N
satisfy conditions of 2) of Theorem 1.2,

lim /¢, NV,—MZ’N if ki >k

n—0o0

and

llmu NV——MZ,N if ki <k

n— 00

Theorem 1.2 is proved by showing that, for N large enough, the model
defined above is a small perturbation (in a suitable sense) of the “exactly solvable”
case N = oo. For the latter, the theorem takes the following form. Let g¢ =

1/2 +2v/2).

Theorem 1.4.

1. Let N = oo. For all ¢ > qc there is a unique, isotropic Gibbs state.
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2. Forall g < qc, there are (at least) 2 different extremal Gibbs states with
long-range orientational order. More precisely, there exists a Gibbs state
g such that

14(0 belongs to a horizontal rod) > 1/2.

2. AN EXACTLY SOLVABLE CASE: PROOF OF THEOREM 1.4

In this section, we show that the model obtained by setting N = oo is actually
exactly solvable, since it can be mapped on the 2D Ising model.

We suppose that our system is contained inside a square box V' of linear size
L; we suppose that we have periodic boundary conditions. We want to partition
V' into two disjoint subsets corresponding to the regions occupied by horizontal
and vertical rods respectively. This can be done easily once we have said what we
do with vacancies. The trick is to split vacancies into two species, horizontal and
vertical. Doing so, starting from a configuration w of our original model, we obtain
a family of 2M(@) different configurations @;, i = 1, ..., Ni(w). The probability
of each such configuration is then taken to be

1 N7 (@) < 1y wymo, vien) 27V @ 2N @ gL M@ = ¢ 2 Nel@)
We can now partition V' = V}, Vv V, into two disjoint subsets. Once these subsets are
fixed, the problem is reduced to the study of one-dimensional partition functions;
indeed each maximal connected horizontal piece of V4, can be filled by horizontal
rods independently of what choice is made for the rest of the configuration, and
similarly for vertical pieces of V.

When N = oo the one-dimensional partition functions can be computed
exactly:

n—1

n—1 i n— q n
ZPZZ( i >q+l=q(l+q) L= (e
i=0 q

where ZP is the 1D partition function in a box of length n > 1. Now observe that
the exponentially decreasing term (1 4 ¢)" is actually irrelevant, since its total
contribution to the weight of a partition V4, v V, is (1 +¢)'"' , and is therefore
independent of the partition. We thus see that this model possess the remarkable
property that all its 1D partition functions are actually equal to e~*# = q/(1+q),
and therefore independent of x. It is then very easy to compute the total weight of
a partition:

weight (M, V) e Pyl
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where y = (1, ..., ¥n) is the set of contours of the partition, i.e. the set of all
bonds of the dual lattice intersecting a bond between two nearest-neighbor sites
belonging one to ¥}, and the other to Vy; || is the total length of the contours.

One thus observes that the weight of partitions are the same as those of
the corresponding configuration of the 2D Ising model at inverse temperature
B, in the box 7 with periodic boundary conditions. Now notice that B(gc) =
1/21og(1 + V2) = Be, the critical inverse temperature of the 2D Ising model.
It immediately follows that for ¢ > ¢g¢, the corresponding Ising model is in the
high-temperature phase, and therefore possesses a unique Gibbs state. Statement 1
of Theorem 1.4 follows immediately from the symmetry of the latter Gibbs state.

To prove statement 2. requires only a simple additional argument. For a given
collection of rods @, let us denote by Zy, the number of sites of ¥, containing
vacancies, and N, = | V| — Zy; similarly introduce N, and Zy. When g < qc,
the Ising model is in the low-temperature region; consequently,

ARl Elsing,ﬁ,v[‘Zax
xeV

]>cL2,

with ¢ > 0. Since s, (0 belongs to a horizontal rod) = L~2 E,,,[M], the
conclusion now follows easily from

IVul = IVl < INw — Nyl + |20 — Z4],
andE, ,[IZn — Zy|] < CL, by the Central Limit Theorem.

Remark 2.1. A lot of additional information (e.g., on the critical behavior) can
be extracted from this mapping to the 2D Ising model. We refrain from doing that
here, since this is quite straightforward. . .

Remark 2.2. As it was pointed to one of us by Lincoln Chayes, in N = oo case
the techniques of reflection positivity enable to treat a more general situation when
the rod weights are given by

ANi(@) l—[ qu(a))'
k

In the above notation the case we consider here corresponds to a specific choice
A = 2q. However, the reflection positivity argument does not go through when
there is a finite collection of admissible rod lengths, N < oo.

3. ASYMPTOTICS OF ONE-DIMENSIONAL PARTITION FUNCTIONS

Our next step is to show that the model with finite (but large) N is actually a
small perturbation of the exactly solvable model analyzed in Section 2. The idea,
which is described in details in Subsection 4 is to replace all the 1D partition
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functions by their limiting values (for » — 00), and to expand the error term.
To be able to control this expansion, we need a very good control on the speed
of convergence of these 1D partition functions. This is the aim of the current
subsection.

Our results on exponential rate of convergence of renewal sequences are
certainly not new (see e.g. [12] and the references therein). However, we would
like to stipulate that a very important input for our expansion techniques is not
only the corresponding decay exponent but also smallness of the prefactor in front
of it, see our key estimates (3.26) and (3.27) below.

3.1. The Setup

We shall consider here a general case of non-negative rod activities { f;}
which we shall view as a perturbation of the geometric distribution,

fi=ap " Heas k=1,2,..., (3.3)

where p + ¢ = 1 and the activities { f;} are normalized to furnish a probability
distribution, that is

> a=0 (3.4)
k

The important assumptions are those on the smallness of the perturbation
sequence {€;} with respect to the background geometric distribution {gp*~!}:

Assumption A1 There exist § < oo and p € (1, p~!) such that
lex] <8p7 %, k=1,2,.... (3.5)
Assumption A2 There exists « > 0 sufficiently small such that,
§<a(p—1)7>.

Assumption Al is an essential one. On the other hand, Assumption A2 is more
technical and it merely reflects an intended compromise between giving a relatively
simple proof and yet generating a whole family of examples where the entropy
driven phase transition takes place. Notice that since p < 1/p, assumption A2 in
fact implies a bound on § in terms of g:

o
§ < ?qz.

Given { f;} as in (3.3) above we use it to set up the renewal relation:

n—1
go=1 and g =) figs n=23... (3.6)
k=1
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Define the generating function of the { f;} sequence as

FE§) =Y fith = fgps £ Y 20E) +EE).
k=1 k

Above Q is the generating function of the geometric distribution {gp*~'} and,
accordingly, E is the generating function of {€;}.
In the sequel we use the notation

D,x)={zeC : |z—x| <r}

for an open complex ball of radius 7 centered at x. By A1, IF is analytic on D,(0).

The generating function G of the {g,} sequence is defined and analytic in
{ze C : |z| < 1}. Of course, G(z) = (1 — F(z))~' and, by usual manipulations
of the renewal theory,

1 _ 1 A
Fy() ~ 1/g+ Y ke

lim g, = lim(1 -2)G() = g. (3.7)

3.2. The Representation Formula

For every v € (0, 1),

- _Lyg { ¢ dg }
8T8 i oo LB —F@) & (1-9F ()

L[ dE {(F(S)— 1) —F(1)E — 1)}
(F(&) — D(E — DF(1)

= 2mi Jp, &

(3.8)

Now,
(FE—-1D)-F'(1)E - 1D ={@QE) - D-Q()E — D} + {E©) —E'(1)( — )}

As a result,

d -H-Q)E -1
2iF (g —0) = , {(@@ ) - Q) )}

Tl EO-DE-D
de (E@E) - E(E - 1)
+fi)‘, s"{ FE) - DE 1) }

a f dE[@QE) 1) - Q)E - 1)} d€ 1 3.9
7% g" { (FE)—1)(E - 1) +7€>\, £ 1), (39

where
EE&)/(E —1)— IE/(1)_

Ui(§) = FE) -1
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On the other hand, since the geometric distribution {gp*~'} generates (via the
renewal relation) a constant sequence {g},

% dg {(@(S)— D —-Q)E — 1)} —0
D, §" Q& -DE-D a

Subtracting the above expression for zero from the first term on the right hand side
of 3.9 we obtain

[ Qe -1-QME-D)EE) | 4 [ d
7§Dv é"{ (FE) — D(QE) — 1)E = 1) }— Ua(8). (3.10)

D, §"

Thus, with U; and U, being defined as in (3.9) and (3.10) above, the representation
formula (3.8) reads as

d.
2iF (1) (g — g) = ?i g—f{m@)wz(é)}.

Assume that it so happens that both U; and U, are analytic in an open
neighbourhood of Dz (0) for some R > 1. Then (3.8) implies that

g0 — gl < (m U @)l + max |Uz(s)|) (3.11)

2rF'(1)R"”
We shall represent U; and U, as ratios of two analytic functions, In Subsection 3.3
we derive a lower bounds on the denominators, whereas in Subsection 3.4 we
derive the corresponding upper bound for the numerators. Eventually we shall
pick R = (1 + p)/2 and the target bound on (maxs|—z |U(z)| + maxjs|=z |U2(£)])
is formulated in Subsection 3.5. It should become clear there that assumptions Al
and A2 enable an appropriate control on the smallness of the latter max. Finally
the case of uniform rod weights is worked out in detail in Subsection 3.6

3.3. Lower Bounds on the Denominators
By A1 the function
FO-1_ 1, E® a
§—-1 l—ps§ &§-1 1-p§
is analytic in D,(0).
Let us pick n € (0, p — 1), later on we shall settle down with the choice

n = (p — 1)/2, but in principle all the estimates below could be further optimized.
Sincel +n < p < 1/p,

+ V(&)

1 ‘ 1 1
> > .
l—p&| =~ 1+0+np ~ 2

(3.12)

inf
£€Di,(0)
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It, therefore, remains to derive an appropriate upper bound on |E(§)/
(& — 1)] = |V(&)|. There are two cases to be considered:

Case 1. £ € Dy, (0) \ D,(1). Then, by Al,

S~ (1+n\"  s(1+n)
W@)'SZZ< P ) e —(1+n) 3.13)

Case 2. £ € D, (1). Since E(:) is analytic in D, (1),

B =3 at' =3¢ Z (’l‘)@ S =Y a1y,
1 =0 1

where we have used Y €, = 0 and, accordingly, have defined
1= 2(;)
= k .
k=1 !

-1

N = [k 0 8p a
&l <8) p "( ) =34 = (o — D7 (3.14)
; l (I=1/p)*t (p=1)

In view of the assumption Al,

Consequently,

8p = ! 3p
y _ NN

whenever & € D, (1).

Pick n = (p — 1)/2. Then the right hand sides of both (3.13) and (3.15) are
bounded above by 28(1 + p)/(p — 1)*. Only at this stage we evoke assumption
A2: under an appropriate choice of « the latter expression is as small as desired,
say less than 1/6. In view of (3.12,) (3.13) and (3.15) we, therefore, conclude:

Lemma 3.1. Assume Al and A2, Then,

FE) -1

<1123 (3.16)

E€D14)2(0)

Finally, by direct computation:

‘Q(E)—l‘ ‘ 1 21
1 — p& 1+(1+n)p 2

(3.17)
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3.4. Upper Bound on the Numerators

We continue to employ the notation of the preceding subsection. In particular,

A E@) E)

VE) 2 oy and g B () =VE) - V().

Since by (3.4), >_ e, = E(1) =0, V is analytic on ID,(0). As in Subsection 3.3
pick n € (0, p — 1) and consider the following two cases:
Case 1. £ € D, (0) \ D,(1). By (3.13) and (3.15)
‘V(S)—V(l) - 8p +m  _ 25p
E-1 [Tae=De—-=0+n) np—=0+n) " n*(p—1+n)

Case 2. £ € D,(1). Since V is analytic on I, (1) we , employing the notation of
Subsection 3.3, estimate:

‘V(E)—V(l)‘ _
1

3p
(p— Do —(1+n)
where we have performed a straightforward series summation bounding || as in

(3.14).
Picking n = (p — 1)/2 and R = (1 + p)/2 we infer:

_ 1)]72 <

Lemma 3.2. Assume Al, Then,
EE) - (E-DEM)| _ 2%

N T VRSN TE (3.18)
On the other hand,
1 /0@ ) »
s—1<s— —QO)= e

Since by assumption Al, maxjz|= |E(§)| < ép/(p — 1), we arrive to the following
bound for the numerator of Us:
Q@) —1-QME - 1))E(E)‘ Sp 28p

(& -1y q(1 —Rp) -1~ plp— 1(%31

1€l= R

3.5. The Target Bound on |r,| = |g, — g|
Asbefore set R = (1 + p)/2. By the estimates of Lemma 3.1 and Lemma 3.2,

63p(2 + p)

max [U1(5)] + max [02(8)] < o1
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Finally, F'(1) = 1/q + ) _ ke;. By assumption A1,
o0
Sp 5 1
kek)fé kpt= =4 < ———.
)Xk: 21: ¢~ p—1lgq
By the scaling relation between p and § (assumption A2) the right hand side above
is o(q). In particular,
g =q(1+o(1)), (3:20)
as it now follows from (3.7).
Substituting the above estimates into (3.11):

Theorem 3.3. Assume Al and A2. Set R = (1 + p)/2. Then,

124802+ p) -, _ 124502 + p) ( 2 )
plp—1)° plo—1% \1+p

el =18, — gl <

A 2\

In particular for every v < (p — 1)/4,

Dol vy =) "lg—gl(l+v)' <

n

1202 + p)(1 + p)
p

99 4802+ p)1+p) 2
XTI S g1 8= @i (22)

3.6. Uniform rod activities

Let the rod activities be given by

g k=1,...,N

fe= {O; otherwise (3.23)
Aboveg = (X7 pF"1)7' = (1 = p)/(1 = p"). Thus,§ — g = ¢p" /(1 — p").In
other words the sequence of weights { f;} in (3.23) corresponds, in the notation of
(3.3), to

ap"  k—1.
€ = { P k=N (3.24)

—qpk_'; k>N

Without loss of generality we may assume that ¢ < 1/2. Then for each N fixed
the weights {€;} satisfy assumption Al with, for example,

_ 1 _ q _ _ (11"
p—<1+;)/2—1+2(1_q) and 8_8N(q)_(l 2) . (3.25)
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Of course, assumption A2 will be also satisfied for such choice of p and § as soon
as

q\" a \
svi) = (1-1) sa(p—1)2=a(2(l_q)) .

For the value of p related to ¢ as in (3.25) set

ci(q) =ci(g,p) and & =g, p),

where ¢ and ¢; are the universal constant which appear on the right hand sides of
(3.21) and (3.22). Let us reformulate the claim of Theorem (3.3) as applied to the
case of uniform rod activities (with the scaling choice (3.25) in mind):

Lemma 3.4. Let g < 1/2 be fixed. Then there exists Ny = No(q) such that
for every N > Ny, the uniform rod weights { f;;} in (3.23) generate the renewal
sequence {g,} which satisfies:

a q -
Iral = 1gn — gl = c1(q)8n(q) (1 + —) , (3.26)
4(1—4q)
where g was defined in (3.7). Moreover, forv = (p — 1)/4 = q/8(1 — q),

D Il (14 v)" < &(9)8n(g)g. (3.27)

n

In the sequel we shall actually need the following consequence of Lemma 3.4:
Let g < 1/2 be fixed and let v = ¢ /8(1 — q). Then for every € > 0 one can find
No = Ny(q, €), such that

D oIl + )" < e, (3.28)

for every N > Nj.

The role of the quantities /[r,,] will become apparent in the over-counting
argument which is employed in the proof of Lemma 4.2 below. There we shall
split each excited interval of length » into two links on the dual lattice of weight

A |7a| each.

4. PERTURBATION THEORY

In this section V' is the lattice torus of a fixed (large) linear size L; V =
7?* /mod(L). Notice, however, that all the estimates below do not depend on L.
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4.1. Super-Contours

We proceed similarly as in the proof of Theorem 1.4. We first split vacancies
into two families, and partition the box V" into the two disjoint sub-boxes ¥}, and V,
containing the horizontal, resp. vertical, sites. Associated to this partition, there is
a family of one-dimensional boxes A = (A;), each of which is either a horizontal
“segment” in V4, or a vertical “segment” in V. The weight of the partition can then
be expressed as a product over all A € A of the corresponding one-dimensional
partition functions gja| = Z ‘IB. Contrarily to what happens in the case considered
in Theorem 1.4, these one-dimensional partition function do generally depend on
the length of the corresponding box A. However, as we have seen in Section 3,
these partition functions approach their limiting value g rather quickly, provided
we choose N large enough. It is therefore convenient to expand them around this
limiting value:

[Tea=]]¢ (1 + g—'A'g_ g) . (4.29)

AeA AeA

We want to use this expansion in order to obtain a perturbation of the pure Ising
model which appeared in the case of Theorem 1.4. Let us denote by y = (y;) the
family of Ising contours appearing when interpreting V4, resp. Vs, as the region
occupied by +, resp. —, spins. We can then associate to each of these contours
a weight w(y) = e 217l where we have set e=2f = /&; this allows us to write

simply
[Te=T]e*".

AeA vey

We would like to encode all the information from the partition into these contours;
in order to do this, we suppose that these contours come with a “color,” i.e. each
contour y carries the information on which of the two sets V4, or V, belong to
which side of the contour. Of course, there is then a compatibility condition on
these contours (in addition to their being disjoint): the colors must match.

We also introduce the set of excited intervals / = (/;) C A, and associate to
such objects the weight w(/) = (g7, — g)/g. Using this we can rewrite the right
hand side of (4.29) as,

I (1+gA'—_g> =3 []w.

AeA g IcA lel

Of course, since our colored contours y contain all the information on the partition,
the family A is actually completely determined by the contours.

We now introduce our basic notion of super-contours (see Fig. 1), which
are maximal connected components of (colored) contours and excited intervals
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=

[ 1

Fig. 1. A configuration of super-contours on the torus V. There are four super-contours. Notice that
I' is of horizontal type, but also possess some interior components of horizontal type (shaded in the
picture). There are two super-contours winding around the torus; the contribution of configurations
containing such super-contours being negligible when the box is large, as shown in Subsection 5.1,
they can actually be neglected.

(saying that an interval is connected to a contour if at least one of the extremities
of the interval belongs to the contour). We denote the family of super-contours
by ' = (I';). The weight w(I") of a super-contour I' is then naturally given by
the product of the weights of the contours and excited intervals it encompasses.
We therefore finally obtain the following expression for the weight of the total
partition function of our model:

Zywe =y []w@,

L el

where the sum is taken over all compatible families of super-contours, i.e. those
resulting from a partition V' = V4, V V, in the way just described.

At this stage, it is not possible to apply a simple Peierls argument in order to
control our model. Indeed, our super-contours are colored, and even though there
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is a symmetry in our model (under a simultaneous rotation by /2 and exchange
of horizontal and vertical sites. On the other hand, there is also a fundamental
asymmetry: The shape of a region generally strongly favours one of the two
species. This forces us to use the general strategy of the Pirogov-Sinai theory,
which turns out to be quite simple in our case, due to the fact that, because of the
above-mentioned symmetry, the free energies of the two phases are necessarily
equal, and thus we are not required to add a suitable external field to reach phase
coexistence.

The basic idea of the Pirogov-Sinai theory is to expand the par-
tition function only over external contours, and introduce new weights,
which reduce the compatibility condition to something of purely geometrical
nature.

However, since we work on the lattice torus ¥ = Z?/mod(L), the notion of
exterior of a contour is ambiguous. One way to mend the situation would be to
fix a distinguished site, say 0, and to declare it to be “a point at infinity.”” On the
other hand all our computations below are based on relatively crude combinatorial
estimates which take into account local graph geometry of Z, but not the global
topological structure of V. Consequently, we shall from the start ignore (necessarily
long) winding super-contours and then simply notice that should we use the “point
at infinity” definition of exterior, the analog of (5.38) below would anyway render
long winding contours improbable.

For any non-winding super-contour I" the exterior of I" is defined in a straight-
forward fashion and, accordingly, the type of a non-winding super-contour I" will
be declared to be horizontal or vertical if such is the colour of its exterior.

Thus, let Sﬁ (respectively S} ) be the set of all non-winding horizontal
(respectively vertical) type super-contours on V = Z>/mod(L). Of course, Sh
and S} are related by the m/2 rotation symmetry: If ' € S" then 02" € S}.
The interior int(I") of coloured super-contours I € SZ U S} is also coloured and
in the sequel we shall write

int(I") = inty(T") U inty(T)

for the horizontal and vertical parts of int(I"). By the 7 /2-rotation symmetry of V,
restricting to external contours of horizontal type (“h-type”), i.e. with their exterior
colored as horizontal, yields exactly one-half of the full partition function: Using
the notation QQ'C’“ for set of all collections of compatible external contours from
Sﬁ and, accordingly, &' ﬁ for for set of all collections of compatible contours from
S!, we can then write

h
ZgnL =2 Z l_[ w(I) Ziy, 0y Zing, (1)
£eéllxl.exl I'ell
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=2 Y [[®m 2z,

Eeéi,ext rer
2 Y [Ta0.
£E§ILI rel’
where the new weights are given by
Zin,(r)

o .
int,(I")

W) = w()

(4.30)

Notice that in the last expression the sum is over all compatible families of
h-type super-contours; in particular, the compatibility condition is now purely
geometrical.

4.2. Cluster Expansion

The next step is to show that the new weights are still under control. We first
need a bit of terminology. Let us denote by I +¢ I’ the relation “T" is incompatible
with I'"”. A cluster is a family C of super-contours which cannot be split into two
disjoint families C; and C; such that all pairs I' € C; and I'” € C, are compatible.
We also write C # T if there exists I'" € C such that ' » T". Finally we write ||
for the total length of all the contours and intervals forming I"'. We want to be
able to use the following classical sufficient condition for the convergence of the
cluster expansion [11]:

Lemma 4.1. Suppose that, for some small a > 0,
> SMHr)| < alry, 431)
I/ T#T

foreach I'. Then Z, y.1 # 0 and there exists a unique function &7 on the set of
clusters such that

log Zyno =Y ®'(C).
ccrv
Moreover,

doet ) <alry. (4.32)
CHT

We claim that the weights w indeed satisfy (4.31) once ¢ is chosen to be
small enough and then N is chosen sufficiently large. The argument comprises
two steps: First we shall check that (4.31) holds for the weights w. Next we shall
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argue that the conclusion of Lemma 4.1 for the weights w actually implies the
validity of (4.31) for the target weights w for a possibly smaller value of ¢ and
larger values of N.

Lemma 4.2. There exista > 0, g > 0 and Ny = Ny(q) such that

> &Mw@) <alry. (4.33)
I :T/%T

for every N > N.

Lemma 4.3. There exista > 0, § > 0 and N]VO = No(§) such that the weights
in 4.30 satisfy 4.31 for ¢ and for every N > Nj.

4.3. Proof of Lemma 4.2

We shall actually prove a strengthened version of (4.33), which we proceed
to describe. Set wo(I") = |w(I")|. Any excited interval / of a super-contour I'
connects two dual bonds b = (u, v) and b’ = (¢, s) where both pairs {u, v} and
{t, s} of dual vertices are recorded in the lexicographical order. Let us erase /
and instead add two disjoint red links which connect between « and ¢. Notice that
both red links lie on the dual lattice and have the same length £ = 1, 2, ... as the
original excited intervals. We associate the weight /[rx] to each of these links.

Clearly after the above procedure is applied to all the excited intervals of I'
we end up with a connected edge self-avoiding polygon T =by,..., by, which
entirely lies on the dual lattice and which consists of Ising nearest neighbour bonds
with weights ¢, = ,/g and of red links with weights ¢, = /[r¢]. With a slight
abuse of notation we shall continue to write

wo(T) = 1_[ ®»
bel’
and |T'| for the weight and, respectively, for the total length of the Ising bonds and

red links of T'. Notice that |f‘| > |I|.
We claim that under the conditions of Lemma 4.2,

> I Mhwy(T) < a. (4.34)
r's0
Pick (compare with (3.26))
p—1_ q
16 32(1—gq)

We over-count in the left hand side of (4.34) via ignoring geometric constraints:
from each vertex of the dual lattice one is permitted to grow up bonds in all 4

2a =

(4.35)
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possible directions: either usual Ising bonds of length 1 or red bonds of lengths
k=1,2, .... We should take into account all modified graphs T which pass
through the origin 0. It is convenient to assume that 0 is actually a vertex of T
and, accordingly, to multiply all the factors by k| — the length of the first link of T
Set by = /g + /Ir1l and hy = /Iry[ for k > 2. Notice that any modified graph
I contains at least four Ising bonds. Consequently, summing with respect to the
number 7 of bonds and links of T we estimate,

Z|F|e2“‘ﬂwo(ﬂ <Y 4>k (ik,) eZ“Zkaﬁhk,. (4.36)
n=4 ki, ...k, 1 1

>0

Using a trivial inequality k(3" k;) < k7 + 2" [| k; we bound above the inner
sum in (4.36) as

ki,

00 n
+2" (Z khke2“k> .
1

By (3.28) the latter expression is bounded above by (€ + ,/g)"(2" + 1). In view
of (3.20) and (4.35), g> < a. Therefore, (4.34) follows as soon as we choose €
(and hence Ny(q, €) via the claim of Lemma 3.4) in such a way that

DA+ e+ R < a
n=4

4.4. Proof of Lemma 4.3

Let g and Ny be fixed as in the proof of Lemma 4.2, and let {w(T") 2 [w()|}
be the absolute values of the weights of super-contours evaluated at such values
of g and No(g). It is enough to check that there is g < g and Ny > Ny, such that
for every N > Ny, the (g, N) super-contour weights {(w(I")} satisfy:

ZV
lw(T)|eXrer T < wo(T')  and Z_g < el (4.37)
4
for every super-contour I" and for each finite subset V' C Z°.

Of course, only the second inequality in (4.37) deserves to be checked. This
is done by induction on the volume. Obviously, if the volume |V| = 1, then we
have Z},/Z% = 1. Suppose now that indeed

Z_}VI: <ol
Zy
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for all |V| < K. We want to prove that this also holds when |V| = K. In order
to see that, observe that all the super-contours appearing in these two partition

functions have interiors of volume at most K — 1. Introducing the sets S&_, and
Sy _, of all clusters made up of h-type, resp. v-type, super-contours having (total)
interior of volume at most K — 1, and using the symmetry present in the model,
we can write

7 zy exp (Lrer Leesy_p.con [CN VI OTO)

h — h
Zy 2y (erV ZCG‘S‘KV,I.Csx cny-! cDT(C)) Zy

Notice now that all the contours I appearing in the above partition functions
have weights w(I") which, by the induction assumption and by the first of the
inequalities in (4.37), satisfy:

B < [w()] eXrer " < wy(I).
Therefore we can apply Lemma 4.1. Expanding the two partition functions and

cancelling the terms involving clusters entirely contained inside V', we obtain the
desired result, since by (4.32)

VA
4 2a |0V
— < e

4
and 2a < 1 once, according to (4.35), ¢ is not very close to 1.

5. PROOFS OF THE MAIN RESULTS

In this section we complete the proofs of Theorem 1.2 and Theorem 1.3. As
in the proof of Lemma 0 we proceed to work within the range of parameters (¢, N)
which satisfy (4.37).

5.1. Contribution of Long Super-Contours

As before let 7 be a lattice torus of linear size L. Given a supercontour
I € S} define

Gy i) = —— 3 &(D)

Z
a.N.L I'sr’

= 1@(1“) exp| — > @T(©C)
2 CAT

By (4.37) and (4.32),
|Gq~,N,L(F)| < wo(I) eI,
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Furthermore, by (4.31), there exist constants ¢; and ¢, such that

> we(Me < e L7e™ Y " wg(IMe !

IT1>k r's0
< ¢e;L%ae™ k. (5.38)

As a result, there exists ¢3 < 0o, such that the contribution of super-contours
I' e Sﬁ with |[I'| > c3log L to the partition function Z, v ; is, uniformly in L,
negligible. The same argument applies, of course, in the case of vertical super-
contours I € S7.

5.2. Proof of Theorem 1.2

The first statement of Theorem 1.2 follows immediately from results of
Gruber and Kunz [10].

Assume now that the parameters (¢, N) satisfy (4.37). By the argument in
the preceding subsection we may exclude long winding contours. Thus, the only
thing remaining to be done in order to complete the proof of Theorem 1.2 is to
estimate the probability that a given site, say 0, belongs to the interior of some
short non-winding contour. In view of Lemma 4.1 the probability that 0 belongs
to the interior of such a super-contour can then be written as

Z w(I") it Zinty () mt\(l") mth(l") — Z () exp ( — Z cI)T(C)). (5.39)

roo q NV oo CAT

where I'0 means that 0 is in the interior of the super-contour I". By (4.37) the
latter expression is bounded above by

> wo(M)e!™ < 3 | fwo(D)e!™,
roo r's0

The claim of the Theorem follows now from (4.34).

5.3. Infinite Volume States

Let A, be the set of all such coverings @& of Z* by horizontal and vertical
rods (we colour monomers as well), which contain only finite contours. Of course,
for every @ the notion of the exterior colour x (@) = & or v is well defined. By a
straightforward application of Lemma 4.1:

Theorem 5.1. There exists qo > 0 such that for every q < qy one can find
No = No(q) which enjoys the following property: For every N > N, there exists
an infinite volume Gibbs state “2, v (respectively py ) such that

1 (@ € Aso; x(@) = h) = 1 (5.40)
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(respectively u;_ N(Ass x(@) = v) = 1) . Furthermore, let y be the (random)

set of of all the exterior contours of & and, given a finite domain A C 72, let
Y= (V15 - -+, Yn) be a fixed compatible set of exterior contours, such that each
yi intersects A, A Ny # . Then,

miyy, cy) =y w@)exp(— > <1>T(C)), (5.41)
EANZ C%LA

where the above sum is over all compatible collections Iy = (I'1,...,'y) of
super-contours satisfying:

Vi=1,...,m3ksuchthaty, € I, and Uy C UI.

Formulas (5.41) and (4.32) readily imply that “3,  has an exponential clus-
tering property: Given two disjoint boxes A; and A, and two fixed compatible
collections n and N with Y, S Ak k =1, 2, the following bound holds:

—A\ —A2 —Ag

1y (VAl Cyiva C Z)

< c1|A]|Ay|em 4R (5 4D)

log
i (vao Cv) il (va: C )

where d(A;, Ay) is a distance (say /1) and ¢; and ¢, are two positive constants
which depend only on ¢ and N. In particular, (5.41) and (5.42) imply that ,u; at
actually the unique Gibbs state satisfying (5.40).

5.4. Boundary Surface Tension
Consider vertical and horizontal intervals
JP=(01/2,1/2)+{(0,0),(0,1),...,(0,k— 1)} and
JE = (1/2,1/2) +{(0,0),...(k — 1,0)}.

By construction, both J; and J,f’ are linear segments on the dual lattice
(1/2,1/2)+ Z*. Given arod I = (uy, ..., u,) C Z* let us say that [ intersects
I NJY #@if

J];) N int (Uzlel(uk)) 0,

where B (u) = u +[—1/2,1/2] x [—1/2, 1/2] C R? and for a bounded set 4 C
R? the symbol int(4) stands for its R*-interior. In a similar fashion we define
In J,f # ). Notice that monomers cannot intersect J;' or th. Also, with such a
definition, J}’ cannot be intersected by a vertical rod and, accordingly, J,f cannot
be intersected by a horizontal one.
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Givena Z tiling @ € A, let us say that the event { JY N = @} (respectively
{th N@ = ¢}) occurs if J? (respectively th) does not intersect any of the rods of
@.

We define two types of boundary surface tensions:

.1 — .1 v ~
TyN = —klirgozloguzw (S na=9) = —klgglozloguq’]\, (J,?ﬂw:?)),
(5.43)
and
: 1 h h ~ ~ : 1 v VoA
E,N = —kll)n;o%loguqu(Jk No=9) = = Jim —log 11y, (P nw=9),
(5.44)

In both cases the fact that the corresponding quantities are well defined follows
from standard sub-additivity arguments based on the exponential clustering prop-
erty (5.41) and on the v /2-rotational symmetry between the vertical and horizontal
states.

Lemma 5.2. For any q sufficiently small there exists Ny = Ny(q) such that for
every N > Nj,

‘L'q.N > é;'q.N. (545)

Proof: Since we do not try to prove the lemma in the whole range of entropy
driven symmetry breaking, the poof boils down to a crude perturbative argument.
We start with a lower bound on 7, y: Fix yi, ..., ¥, to be the set of all exterior
contours of @ which intersect J,ﬁ’. By (3.20) and (3.21),

~ h
Won@NIE =01y, v) < Qg (5.46)
It remains, therefore, to derive an upper bound on

iy (I \ Uil < k/2).

By a straightforward modification of the over-counting argument employed in the
proof of Lemma 4.2 we infer from (5.41) that for a given collection y1, ..., y, of
exterior contours,

Koy (Viseoos¥n) < €xp (—2ﬂ Zdiam(yz)) ,
1

where, as before, e=2f = /g and g is related to g via (3.20). Elementary com-
binatorics leads then to the following conclusion: If ¢ is sufficiently small and
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N > No(q), then

v pk
h (I8 \ Unl < k/2) < exp (—7 : (5.47)
Combining (5.46) and (5.47) we arrive to the following lower bound on 7, y:

1
TyN = —glogq. (5.48)

In order to derive a complementary upper bound on &, y notice that on the level
of events (under the vertical state u;_ N

{@NnJY =0} > {Vy exterior contour of @, J;' Nint(y) = @}.

Indeed, by the definition J; can be intersected only by horizontal rods. Let us say

1
that a super-contour I' is intersection incompatible with J’; I" ¢ J2, if I' contains
a contour y, such that J’ Nint(y) # @. Then, by Lemma 4.1,

pgn(@NJ =0) = exp( Z |<I>T(C)|)
crap

Consequently, £, y < a and, in view of (5.48) and (4.35), the proof of Lemma 5.2
is concluded.

5.5. Sketch of a Proof of Theorem 1.3

Consider boxes Vnk with periodic boundary conditions. As before we continue
to ignore winding super-contours. In particular the notion of exterior colour is
always well defined. Let, therefore, Zﬁ:,fer and Z, :Eer be the partition functions of

rod tilings of V,,k with the exterior colour being fixed as 4 (respectively v). By
(5.38) and Lemma 4.1,

Zh ,per
log —=— | = c3nlecan, (5.49)
n k
Finally, let 7 fper and oy be the corresponding Gibbs states.

The partition functlons Z % " and zZ of the (exterior colour) horizontal and
vertical tilings of V= with fiee boundary condltrons are related to Z : i and Z,
as follows: Set

Je=li=G.i)eVE iy=0} and J ={i=(i.i)eV;:iy=0}.
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Then,

Zﬁg h,per (~ h .~ v

ZZ"]Eer = Wk (a)ﬂ Sig=000J) = VJ),
and, respectively,

Zik _ uperm g gy g

W = Wk (wﬂJmk =0 oNJ,, = @).

By (5.43) and (5.44) the latter probabilities are logarithmically asymptotic to

exp(—n((2k2 + 1)1}]’]\] + (2k1 =+ l)qu)) and
exp(—n((2ki + D1y v + 2k + D&, n))

respectively. The claim of Theorem 1.3 follows now from (5.49) and Lemma 5.2.
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